M.Sc. Engineering Cybernetics: Entry Level Exercises

Disclaimer

The following exercises are designed to assess the entry-level knowledge expected of candidates
applying to the M.Sc. Engineering Cybernetics study program. It is strongly recommended
that you familiarize yourself with the minimum prerequisites necessary to follow the main
content of the degree program effectively.

You are not required to submit any solutions; this document serves solely as informational
material.

If you find yourself unable to solve the majority of the problems, it is likely that your current
background does not yet meet the expected entry requirements. In that case, you are
encouraged to review the relevant foundational material before proceeding.

Basic maths

Problem 1 You are given the matrix

a) Determine whether @ is positive definite.
b) Compute the eigenvectors of Q.
Problem 2 For x € R", you are given the function f(z) = 2" Px, where P € R™ ",
a) Compute the gradient V f(z).
b) Compute the Hessian V2 f(x).

c) Compute the first-order Taylor expansion of f(z) around the point z, € R".
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a) You are given the function y(t) = e¢’. What is the Laplace transform £{e'}(s).
b) You are given the Laplace transform Y (s) = 1. What is y(t) = £ {Y (s)}(¢t)?

Problem 3 Solve

Problem 4



Modelling and system descriptions

Problem 5 You are given the following beam that rotates with angle ¢ around its cardinal point.
On the one end of the beam is a mass m, on the other end acts a force F.
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Figure 1: Rotating beam.

Derive the differential equation that describes the motions of ¢(t) in dependence of the mass m,
lengths L, L, and force F.

Problem 6 You are given a linear system with scalar input v and scalar output y, that is
described via the linear differential equation

U+2y+y=u.
a) Formulate the transfer function G(s) of the system, such that
Y(s) = G(s)U(s),
where Y(s) and U(s) are the Laplace transforms of u and y.
b) Formulate a state-space description of the system, such that

= Az + Bu
y=Czx+ Du

with a state x € R? and some matrices 4, B, C, D.

Problem 7 You are given a nonlinear system with scalar input u and scalar output y, that is
described via the nonlinear differential equation

i+ 292 + sin(y) = u.
Formulate a first-order description of the system, such that
&= f(z,u)
with a state z € R? and f: R? x R — R2.

Problem 8 You are given the nonlinear system
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a) Calculate the equilibrium state of the system.
b) Linearize the system around the equilibrium state.

c¢) Is the equilibrium asymptotically stable?



Problem 9 You are given a linear system that is described by the transfer function
20(s+1)

)= GG o)

a) Is the system asymptotically stable?
b) Draw the Bode plot of G(s).

Basic control problems

Problem 10 You are given the control interconnection of Fig. 2.
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Figure 2: Standard control interconnection.

a) Given some transfer functions K (s) and G(s), what is the transfer function of the whole
interconnection with input r and output y?

b) You are now given
1
G(s)=——, K(s)=k
(5)=—=, K(s)=h
for some constant k € R. Give the value range of k for which the feedback interconnection
is asymptotically stable.

Problem 11 You are given the following matrices

A_[_12 8], B_[_12 (1)] C=1[1 0].

a) Compute the matrices

b) What is the rank of X" and 07
c¢) For these matrices, is the linear system
& = Ax + Bu
y=Cx
controllable? Is it observable?

Problem 12 You are given the linear system

o= [, Ter oo

a) Is the uncontrolled system (u = 0) asymptotically stable?

b) Assume you can measure x. You want to control the system with a state feedback
u = —Kx with some gain vector K = [kl kz]. Calculate k; and k5 such that the
controlled system has the eigenvalues A\; = —1 and A\, = —2.



